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ABSTRACT
The critical curve C on which Ima
D
=a = 0 determines hyperbolic domains. As a con-
sequence of the Koebe 1/4-theorem and Schwarz lemma, the correlator hi and its dual









 h. Such inequalities are strictly related to
the structure of C. We describe this curve in a parametric form related to the Schwarzian
equation.
y
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1. The eective action of the low-energy limit of N = 2 super Yang-Mills, solved exactly in

























































the vevs of the scalar component of the chiral supereld. For gauge group SU(2) the moduli




, the Riemann sphere with











































 = 0: (3)
In [4] it has been shown that the function
G(a) = i(F(a)  aa
D
=2); (4)


























An important aspect considered in [1] concerns the critical curve C on which Ima
D
=a = 0.
C can be seen as the curve on which the torus with modular parameter ^ = a
D
=a degenerates.














are the electric and magnetic charges respectively. M
2
can be seen as


















































Notice that (8) admits the following interpretation. One can consider the theory N = 1 in





the massless sector P
2
= 0 one has
6
















In crossing the curve C a BPS-saturated particle of given charges can appear or disappear.
Eq.(8) and (9) show that the tori ^ 2 C correspond to critical points for the structure of the
energy eigenvalues.
It has been shown in [5][6] that inside C we have Ima
D
=a < 0. Let us denote by D
such a domain, so that C = @D. Let us describe C in the parametric form. In order to do
this we nd a dierential equation for G = G(a(z)), z = a
D
=a. From the chain rule for the
Schwarzian derivative it follows that















































. Since z( 1) = 1 and z(1) = 0 and u = G, it follows that the initial conditions
of the third-order equation (12) are G(a( 1)) = G(a(1)) =  1;G(a(0)) = 1. Therefore the
critical curve is described by
C = fu = G(a(z))jz 2 [ 1; 1]g : (13)









The solutions of the dierential equations (5) and (12) should be related to the }-function.






F , where J
 1
H




: H ! 
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 = 0; (15)





fG; wg = 3 + G
2
; (16)



























































are at heart of the physics. Actually, the natural framework to investigate these properties is
uniformization theory. An interesting aspect of the theory is that the classical moduli space
is the Riemann sphere with a puncture whereas in the quantum case one has the Riemann
sphere with three punctures. Thus, by Gauss-Bonnet formula, there is a \transition" from
positively (classical moduli) to negatively (quantum moduli) curved space. This transition
makes it evident that quantum aspects are related to deep aspects concerning uniformization
theory. In particular one can apply basic inequalities, such as the Koebe 1/4-theorem [7],
which are at heart of the theory of univalent functions (i.e. uniformization, Teichmuller
spaces etc.).





















































is a \non-chiral" solution of the uniformizing equation (15) (see [8]).
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=2. Metric (20) suggests to consider the
Poincare metric also in the domain D. This metric can be explicitly constructed using the
function z = a
D
=a. In fact, as shown in [6], z is the inverse of the map from a funda-
mental domain (identied in [6]) to 
3

















. This property, i.e. univalence, is the crucial
point.

























































= 2i= [4] has been used.
Let us denote by 
D
u the Euclidean distance from u 2 D to the boundary @D (i.e.
the critical curve C). As a consequence of Schwarz lemma and Koebe 1=4-theorem (see for















in 2D quantum gravity [8].
Up to now we considered unit where h = 1. However, the structure of (22) suggests to




F and noticing that F has the dimensions









) has the dimensions of h. By Eqs.(21)(22) and using
the fact that Ima
D
















Let us denote by C
d




































We note that (12) (13) and (14) should be useful in order to investigate the structure of




i. This implies that the dierential equation (12) describes
the general structure of (23) (25).
4
Another interesting inequality is the Nehari theorem [9]. It states that a sucient con-




jfg; zgj  2; (26)
whereas the necessary condition is
e
 '
jfg; zgj  6; (27)
where e
'




(the Poincare metric on ). It can be shown that the constant 2
in (26) cannot be replaced by any larger one. An interesting question is to nd the sharp
inequality for the case at hand.
In conclusion we note that our investigation is related with the theory of quasidisks.
They have interesting structures. For example a generic quasidisk has a fractal boundary
[10]. Quasidisks also appear in some non-perturbative aspects of string theory [11].
It is a pleasure to thank G. Bonelli, P.A. Marchetti and M. Tonin for useful discussions.
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